The concept of soliton complex in a nonlinear dispersive medium is formulated. It is shown that interacting identical topological solitons in the medium can form bound soliton complexes which move without radiation. This phenomenon is considered to be universal and applicable to various physical systems. The soliton complex and its "excited" states are described analytically and numerically as solutions of nonlinear dispersive equations with the fourth and higher order spatial or mixed derivatives. The dispersive sine-Gordon, double and triple sine-Gordon, and piecewise models are studied in detail. Mechanisms and conditions of the formation of soliton complexes, and peculiarities of their stationary dynamics are investigated. A phenomenological approach to the description of the complexes and the classification of all the possible complex states are proposed. Some examples of physical systems, where the phenomenon can be experimentally observed, are briefly discussed.
Introduction
Discrete and continuum models of the condensed matter exhibit universal nonlinear effects which can manifest themselves in dispersive media such as microstructured solids, macroscopic discrete systems (arrays of Josephson junctions, nonlinear transmission lines and so on), fluids and dissipative-dispersive systems [1] [2] [3] [4] [5] [6] .
One of these effects, occurring in the dynamics of nonlinear excitations of a dispersive medium, is the formation of bound states of solitons. This phenomenon of soliton bunching was observed through numerical simulations beginning with the work [4] , and studied extensively during last decade [6] [7] [8] [9] [10] [11] [12] .
The role of dispersion as a factor influencing the interaction between well-separated non-topological solitons was discussed in works [7, 8] . Interactions of oscillating soliton tails in dispersive media lead to the formation of bunches of solitons, consisting of two or more well-distinguishable humps. In these theories the contribution of the dispersion to the soliton interaction can be considered as a weak perturbation.
In the present paper we concentrate just on the case of strong interaction between topological solitons. This occurs when identical solitons are closely placed. As a result the repulsive potential of the solitons grows rapidly with decreasing the distance between them. At the same time one has to take into account the dispersion, as an additional source of strong interaction, and this can change the character of the interaction between solitons in general.
The aim of this paper is to show that solitons in a strongly dispersive medium possess an internal structure and their interaction depends on intrinsic properties such as flexibility. Due to this dependence the potential energy turns out to be a nonmonotonic function of the distance between solitons. As a result identical solitons can attract each other and form a bound-soliton complex [9] . Such a complex can move without any radiation in strongly dispersive media [9, 10] .
We present a number of dispersive models bearing such soliton complexes. The models are described by nonlinear equations with fourth and higher spatial or mixed derivatives. Solutions of the relevant equations can be obtained numerically and analytically. We found exact analytical solutions for two variants of the dispersive sine-Gordon (dSG) and double sine-Gordon equations (dDSG). We also show that the complex, consisting of three solitons, can be described explicitly in the dispersive equations with the additional sixth derivative in the cases of the sine-Gordon and triple sine-Gordon models.
Topological soliton complexes can also be realized as discrete sets of solitonic configurations with internal structures. We propose the classification of these "excited" states of soliton complexes, constructing them explicitly in the framework of the double piecewise dispersive model. The two-soliton ansatz approximation is used to establish analytically the existence condition for the soliton complex in the dSG and dDSG equations. We find numerical solutions of these equations for the two-soliton complex and its "excited" states, and their dependencies of energies and velocities on the model parameters. As a result we formulate the concept of the soliton complex and classify it as a specific bound state of identical solitons in a strongly dispersive medium.
Dispersive models and soliton-complex solutions
A large variety of physical processes in solids is described by the discrete sineGordon equation. We write it in the dimensionless form following the notations of the work [1] :
where u n is, e.g., the displacement of atom n and d is the discreteness parameter. In this highly discrete system Peyrard and Kruskal observed by means of a numerical simulation the almost radiationless motion of the 4π-soliton. At the same time stationary motion of a single 2π-soliton was impossible in this system because of a strong radiation emitted by the moving 2π-soliton [2] . In the work [9] it was found that the radiationless motion of the complex can be described explicitly in the framework of the dispersive sine-Gordon equation (1dSG) with a fourth spatial derivative:
Equation (2) is obtained as the long wave limit of equation (1) by substituting xd for n, td for τ , and the second difference by the series:
The relation between the dispersive factor β and the discreteness parameter d is β ≡ 1/(12d 2 ). The exact solution of equation (2), corresponding to the soliton complex, has the following form:
The velocity of the complex is not an arbitrary constant in the solution (4), but it is a function of the dispersive parameter β. As a function of the discreteness parameter, it equals V 0 (d) = ± 1 − (1/3d) and differs less than five per cent from numerical result of Peyrard and Kruskal. It is evident [10] that similar solutions are available for the second or "regularized" dispersive sine-Gordon equation (2dSG) which has the fourth spatio-temporal mixed derivative instead of the fourth spatial derivative of equation (2):
The form of the soliton complex solution of the equation is the same as for the dSG equation, however the velocity dependence on the parameter β differs from equation (5).
The presence of freely moving soliton-complex structures was also examined numerically in the continuous nonlocal sine-Gordon model [6] described by:
The soliton complex with the internal structure was practically found by Peyrard et al [12] in simulations of the modified sine-Gordon model. Now we show that soliton complexes exist in the dispersive double sine-Gordon equations. These equations describe a large variety of physical systems: ferro-and antiferromagnets, magneto-elastic systems, superfluid 3 He and others [13] . Besides they contain dispersive sine-Gordon equations as the limit cases. Thus we deal with the dispersive double sine-Gordon equation (1dDSG):
and its regularized variant (2dDSG):
where, for example, in magnetic applications φ(x, t) = 1 2
u(x, t) denotes the azimuth angle of the magnetization vector in the easy-plane ferromagnet, and h is a magnetic field applied along the easy plane. When h = 0 the equations revert to the dispersive and regularized sine-Gordon equations.
Equation (9) can be derived from the Lagrangian:
The Hamiltonian of the dispersive double sine-Gordon system is given by:
Corresponding expressions for the regularized equation (10) (11) and (12) . The difference between the dDSG equations results in two types of spectra of linear excitations and different stability properties. The regularized equation is introduced in order to avoid the instability with respect to short-wave perturbations.
We present exact solutions for the dispersive double sine-Gordon equations and discuss the peculiarities of their dynamics. For the concrete definition we imply the magnetic applications of the equations, where solitons are domain walls and parameter h is a magnetic field. Therefore we use this terminology hereinafter.
It is known that applying a magnetic field to a ferromagnet leads to coupling 180
• domain walls into 360
• domain wall. In terms of the usual double sine-Gordon equation (β = 0) this means the existence of a wobbler solution [13] or the 4π-kink. Such a static solution does not exist for equation (9) if β = 0 but it holds for equation (10) :
where q w = (1 + h) and sinh(R w ) = 1/ √ h .
Thus both factors, dispersion and magnetic field, cause the soliton coupling, and it is interesting to investigate their mutual influence on the binding process.
In this work we are interested in a stationary soliton motion, i.e. consider the solutions of the form u(x, t) = u(x − V t). Then both the equations (9) and (10) are reduced to the ordinary differential equation:
Here z = (x − V t)/ √ 1 − V 2 , and parameter α equals to α (1) (α (2) ) for the 1dDSG (2dDSG) equation, where
When h = 0, equation (14) is reduced to the dSG case which was analysed in [9, 10] . When h = 0 we are able to find again the exact solution of equation (14):
Thus the 1dDSG and 2dDSG equations have complex solutions in identical form but with different expressions for the velocities
These solutions describe complexes consisting of two strongly bound 2π-solitons. They differ from the wobbler equation (13) by the effective widths, the zero distance between solitons, and the ability to move in the dispersive medium. Since now velocities are functions of parameter h, we can change them from the maximum values corresponding to the dSG limit (equation (5) and equation (7)) to zero. In equation (9) it occurs at the finite critical value h cr = 1 3β
. For example, in ferromagnets we can control the velocity of a motion of the domain wall complex through the magnetic field.
The next peculiarity of the complex dynamics is revealed, if we evaluate the energies using the Hamiltonian expressions (see equation (12)). For the 1dDSG complex we obtain: E 1 = 32 (3β)
The energy of the soliton complex turns out to be independent of the parameter h, and, therefore, of the velocity at the fixed β! This means that, at least, by adiabatic variation of the magnetic field, we can vary the form and speed of the complex, conserving its energy. This remarkable property could be used in the energy transfer applications in physical systems described by the 1dDSG equation. However, the property is very much sensitive to spectrum characteristics of the dispersive medium. The regularized equation (12) gives the velocity and field dependent energy:
where V 2 (β, h) is given by the expression (18). Some important properties of the dSG and dDSG equations can be reproduced by the following model equation which we call the dispersive double piecewise equation:
where force f (u) is a periodic function of the period 4π. On the interval [−2π, 2π] it is given by
The point, corresponding to the energy maximum, is chosen as u 0 = 2 arccos(h) to model the behaviour of the double sine-Gordon model. As h = 0 and h = 1 the equation degenerates into the analogue of the dSG equation with the periods 2π and 4π, respectively. This model enables us to construct explicitly the expressions for the soliton complexes and their "excited" states.
As in the dDSG case, after introducing the coordinate z in the moving reference frame, we derive the equation:
where f (u) is given by the expression equation (22). We are interested in odd solutions of equation (23), u(−z) = −u(z), with limit conditions u(±∞) = ±2π. To construct the 4π-soliton it is sufficient to find the solution in the external region (z > z 0 ) and the general odd solution in the internal region (|z| < u 0 ). They look as follows:
and
Here, for the sake of simplicity we present principal results in the limit case h = 0. Then the exponent κ 2 coincides with the parameter κ 1 of the solution (25):
The parameter k 1 equals to: Using the conditions of continuity of the function u and its first, second and third derivatives in the point z 0 , where u = u 0 , we finally obtain the following equation
where λ(α) = κ(α)/k(α) and µ n = π(n − 1/2). This equation determines the eigenvalues λ n and α n through the Lampert's function, and makes it possible to find corresponding values of coefficients A, B and C, and to construct explicit forms of the complex solution and their "excited" states. Evidently, the soliton complex states can be classified by the integer values of the parameter n. In the "excited" complexes the value of n shows the number of nodes of the oscillating part of the solution. The latter corresponds to the radiation locked between two composite solitons. The first five eigenfunctions are shown below in the figure, where they are numbered from the left to the right by n = 1, 2, 3, 4, 5.
Thus the simple piecewise model exhibits main peculiarities of soliton complex structure and its stationary dynamics, which turn out to be universal for the dispersive nonlinear models.
The next natural question is the existence of an exact solution for soliton complexes consisting of more than two solitons. Numerical integrations of the discrete sine-Gordon equation equation (1) and the non-local model equation (8) reveal such solutions. We are able to find the analytical solution describing the three-soliton complex in the dispersive sine-Gordon equation with sixth spatial derivative:
The equation can be derived from a discrete model if we take into account the higher-order term in an expansion of the type of equation (3 
where the velocity takes the form:
The exact solution of the form of equation (30) also exists in the dispersive triple sine-Gordon equation:
which is the generalization of equation (29), and where parameters h 1 and h 2 are arbitrary constants. Under the condition γ = 3 20
h 2 ) the three-soliton complex is described by the expression:
The relations between solution parameters are the following:
In previous formulas for the presentation of exact solutions we have used the Lorentzinvariant-like expressions to keep the analogy with those of the Lorentz-invariant equations with β = 0. However the solutions can also be written in the form similar to equation (33) which is evidently simpler.
Other dispersive equations combining the properties of the Klein-Gordon and Boussinesq-type equations are known [11, 14] , in which topological solitons are shown analytically and numerically to possess an internal structure, and, therefore, they are good candidates for bearing soliton complexes.
All the above facts collected together prove that the formation of the bound soliton complex is a universal property of the strongly dispersive media.
Phenomenology and numerical analysis of soliton complex
We proposed in [9, 10] an analytical approach to the description of the solitoncomplex formation. It is based on the use of the collective variable ansatz which is constructed by taking into account the translational and internal degrees of freedom of a soliton as well as interactions between solitons and solitons with radiation:
Here u (s) is a solitonic part and u (r) (x, t) is a part of the solution corresponding to radiation. It turns out that the condition of the complex formation of the closely sited solitons can be found neglecting the radiation [10] . So the complex dynamics can be considered in the framework of the soliton ansatz:
which is prompted by the forms of the wobbler equation (13) and the exact solution in equation (16). Here l = l(t), X = X(t) and R = R(t) are functions of time.
Functions l(t) and X(t) describe the changing of the effective width of solitons and their translational motion, respectively. The function R = R(t) corresponds to the changing separation between solitons, which is defined obviously as L = 2lR. Inserting the ansatz into equation (11) and equation (12) we find the effective Lagrangian and Hamiltonian of two interacting solitons in strongly dispersive media. Details of the calculation of explicit expressions for the kinetic and potential energies can be found in [15] . Analysis of the potential energy of two interacting solitons as function of parameters l and R for β 0 = 3/4 exhibits a principal result: in the dispesive medium the repulsion between identical topological solitons gives place to the attraction at the point of parameters of exact soliton-complex solution.
Formation of the "excited" soliton-complex states is provided by another mechanism based on the soliton-radiation interaction. This leads to the radiation locking and results in some kind of the interference effect. To demonstrate this fact we investigated the "excited" states and their dynamic characteristics numerically in the dispersive double sine-Gordon equation and studied the effect of a magnetic field on the soliton binding process [15] . We found a full agreement in pictures of the formation of soliton-complex states in the dDSGE and piecewise model.
Thus the formation of soliton complexes turns out to be the universal effect in nonlinear strongly-dispersive media. This phenomenon is of both theoretical and practical interest. From the theoretical point of view it is very interesting that the dispersion produces a discrete spectrum for a nonlinear eigenvalue problem for purely solitonic solutions. The present investigation shows that the higher dispersive terms in the nonlinear wave equations effect much more essentially than the small perturbations. The dispersion causes the strong dissipation of energy of the moving 2π-soliton, but also makes it possible to create the bound soliton complexes consisting of two or more 2π-solitons which can move radiationlessly.
From the experimental point of view the soliton complexes may be very attractive for the use in energy and information transfer processes. In particular, the discrete arrays of Josephson junctions are usually described by one-dimensional dispersive sine-Gordon models. The fluxons, the 2π-kinks, in these systems could form the soliton complexes with specific properties discussed above. Therefore, Josephson junction arrays may be considered as suitable candidates for real experiments, in which the soliton complexes would manifest themselves.
Other examples of appropriate physical systems are the low-dimensional ferroand antiferromagnets. The nonlinear dynamics of dislocations [1] is another potential field of application of the obtained results. Thus there are many experimental possibilities to observe the occurrence of stationary soliton-complex dynamics in dispersive media.
